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Abstract
We calculate the leading weak-coupling instanton contribution to the moduli-space metric of N = 2
supersymmetric Yang-Mills theory with gauge group SU(2) compactified on R3 × S1. The results
are in precise agreement with the semiclassical expansion of the exact metric recently conjectured by
Gaiotto, Moore and Neitzke based on considerations related to wall-crossing in the corresponding
four-dimensional theory.
1 Introduction
Supersymmetric gauge theories provide a setting where interesting non-perturbative phenomena
such as confinement and chiral symmetry breaking can be described with exact analytic formulae
[1, 2]. Results of this kind rely on the powerful constraints of supersymmetry and also on conjectured
duality properties of the theories in question. Often the resulting exact formulae can be expanded
at weak coupling where they provide a precise prediction for instanton effects which can then be
compared to direct semiclassical computations in weakly coupled gauge theory [3]. Such calculations
then provide a strong check on conjectured dualities and other assumptions underlying the exact
analysis.
For the case of N = 2 supersymmetric Yang-Mills theory in four dimensions, an exact description
of the low-energy effective action and of the BPS spectrum was provided by Seiberg and Witten
(SW) in [1]1. More precisely, for a given value of the electric and magnetic charges, the SW solution
determines the mass of the corresponding BPS state if it is present in the theory. However, except
in the simplest cases, the question of which states are present in the spectrum at a given point
of the moduli space remained open. In the weak coupling regime the question can be answered
by a semiclassical analysis of the spectrum of monopoles and dyons. However, the moduli space
contains walls of real codimension one on which BPS states become marginally stable and can
decay. Recently Kontsevich and Soibelman [7, 8] proposed a precise algorithm which determines
how the spectrum changes across these curves of marginal stability in the moduli space. Given
the weak coupling spectrum, their results effectively determine the spectrum at any point in the
moduli space.
Another perspective on the wall-crossing conjecture of [7, 8] is obtained by considering the be-
haviour of the corresponding theory compactified down to three dimensions on a circle. After
compactification, the BPS states of the four-dimensional theory yield distinct instanton2 correc-
tions to the hyper-Ka¨hler metric on the moduli space of the compactified theory. On general
grounds this metric is expected to be smooth and at first sight this seems to be in contradiction
with the discontinuous changes in the four-dimensional BPS spectrum across walls of marginal
stability. A remarkable resolution of this puzzle has recently been suggested by Gaiotto, Neitzke
and Moore (GMN) [9]. They showed that the a smooth metric can be obtained precisely when
the spectrum obeys the Kontsevich-Soibelman wall crossing formula. Indeed, this condition leads
to a set of integral equations which determine the moduli-space metric exactly for any value of
1Direct semiclassical tests of the Seiberg-Witten solution itself were intiated in [4, 5] and eventually completed in
[6].
2Here the instantons refered to are really instantons of the low-energy effective theory including all quantum
corrections. They should be distinguished from the instantons appearing in the semiclassical calculation presented
below which correspond to finite-action solutions of the equations of motion of the underlying gauge theory.
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the compactification radius! The main purpose of this paper is to investigate the weak-coupling
contents of their results, and to test these against first-principles semiclassical calculations.
In the following we will focus on the simplest case, of N = 2 SUSY Yang-Mills theory with
gauge group SU(2) compactified to three dimensions on circle of radius R. The moduli space
is parameterised by a single scalar VEV, a, and the dynamical scale of the corresponding four-
dimensional theory is denoted Λ. In the weak-coupling limit, |a| ≫ |Λ| we will see that the GMN
results give rise to a sum over semi-classical instanton contributions carrying magnetic charge. Each
instanton contribution has a prefactor which is a complicated function of dimensionless parameter
|a|R. As found in previous investigations of instanton effects in compactified gauge theory [13, 14],
the leading semiclassical contribution can be expanded in two distinct ways. For |a|R ≫ 1 the
result can be expanded as a sum over the contributions of magnetic monopoles and Julia-Zee dyons
regarded as classical solutions of finite Euclidean action on R3×S1. We focus on the contributions
of unit magnetic charge but arbitrary electric charge. We reproduce these terms in the GMN
result by a direct semiclassical calculation. An important feature first noticed in [15] is that, unlike
similar calculations in four dimensions, the functional determinants corresponding to fluctuations
of the bose and fermi fields do not cancel. We evaluate the ratio of fluctuation determinants from
first principles and find that it precisely reproduces the prefactors appearing in the weak-coupling
expansion of the GMN results. Given the relation between the GMN integral equations and the
Kontsevich-Soibelman conjecture, this can also be regarded as a first-principles test of the latter 3.
As one goes towards smaller values of the dimensionless radius |a|R, the sum over the electric
charges of the semiclassical dyons diverges and requires Poisson resummation. As in [13, 14], the
resulting series also admits an interpretation in terms of classical configurations of finite action.
The relevant configurations are an infinite tower of twisted monopoles obtained by applying large
gauge transformations to the BPS monopole [16]. Finally, in the three-dimensional limit, |a|R→ 0,
the twisted monopoles decouple and only the contribution of a single BPS monopole remains. In
the context of N = 4 SUSY Yang-Mills realised on the world volume of two parallel D3 branes
in IIB string theory, the relation between the two corresponding expansions can be understood as
T-duality to an equivalent configuration of D2 branes in the IIA theory. It would be interesting to
find a similar stringy interpretation in the present context.
Another interesting question concerns the three-dimensional limit of the GMN results. Taking
the limit |a|R → 0 with the effective three dimensional coupling held fixed, we obtain N = 4
SUSY Yang-Mills in three dimensions with gauge group SU(2). The exact metric on the mod-
uli space of this theory was conjectured to coincide with the Atiyah-Hitchin metric in [17]. This
3Strictly speaking the full spectrum is already known in this simple case and agrees with the conjecture of [7, 8].
However the resulting formula of [9] for the hyper-Ka¨hler metric on the moduli space of the compactified theory still
yields non-trivial predictions at weak coupling. In addition, we expect our calculation to generalise straightforwardly
to cases with larger gauge groups and/or additional matter where the wall-crossing formula remains conjectural.
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proposal was then tested against an explicit semiclassical calculation of the one-monopole contri-
bution [15]. Taking the three-dimensional limit of the full GMN integral equations is difficult for
reasons explained in [10], and it is not straightforward to recover the Atiyah-Hitchin metric in this
approach. On the other hand, the leading semiclassical contribution to the GMN metric studied
here can easily be continued to three-dimensions after the Poisson resummation described above.
We show that it reproduces the one-monopole contribution to the Atiyah-Hitchin metric including
the correct numerical prefactor. As explained in [15], this coefficient together with the constraints
of supersymmetry and other global symmetries uniquely determines the Atiyah-Hitchin metric.
2 Moduli Space, Wall Crossing Formula and BPS Spectrum
To begin, let us review the relevant results in [9] and set the subsequent notations. We consider
the pure N = 2 supersymmetric gauge theory in d = 4 dimensions with gauge group G = SU(2)
and dynamical scale Λ. This theory has a Coulomb branch B where the complex adjoint scalar field
in the vector multiplet, φ acquires a VEV and the SU(2) gauge group is broken down to U(1). The
massless bosonic fields on the Coulomb branch consist of a U(1) gauge field and a complex scalar
a whose VEV (also denoted as a) parametrises B as a complex manifold. It is also convenient to
define a gauge-invariant order parameter u = 〈Tr φ2〉 which provides a globally-defined coordinate
on B.
The spectrum of the theory on the Coulomb branch B contains BPS states γ = (ne, nm) carrying
electric and magnetic charges, ne and nm, under the unbroken U(1). Each BPS state carries central
charge Zγ(u)
Zγ(u) = nea(u) + nmaD(u) . (1)
which lies on a lattice in the complex plane with periods a and aD. The magnetic period is
determined by the prepotential F(a) [1] via
aD =
∂F(a)
∂a
. (2)
The prepotential F(a) also determines the low-energy effective gauge coupling:
τeff(a) =
4πi
g2eff(a)
+
Θeff(a)
2π
=
∂2F(a)
∂a2
. (3)
The exact low-energy action and BPS spectrum for the SU(2) theory were determined in [1] by
demanding a consistent realisation of electric-magnetic duality on the moduli space B. In the exact
formulae the central charges a(u) and aD(u) are identified as periods of a meromorphic differential
on a certain elliptic curve. In this paper we will mostly be interested in the weak coupling regime
where |a| ≫ |Λ|. In this case the effective coupling constant can be approximated by its one-loop
value,
τeff(a) ≃ 2i
π
log
a
Λ
, (4)
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up to corrections in powers of (Λ/a)4 coming from four-dimensional Yang-Mills instantons. To
similar accuracy the magnetic central charge is given as aD ≃ τeffa.
The exact mass formula for BPS states of charge γ is Mγ = |Zγ | where the central charge Zγ
defined in (1). As mentioned in the introduction, the Seiberg-Witten solution does not immedi-
ately specify the set of values of γ which are present in the theory. Formally this corresponds
to determining the values of the second helicity supertrace Ω(γ, u) = −12TrHBPS,γ(−1)2J3(2J3)2
at each point on the Coulomb branch. Here J3 is any generator of the rotation subgroup of the
massive little group, and this yields Ω(γ, u) = −2 for the vector multiplet and Ω(γ, u) = +1 for
half-hypermultiplet.
In the weakly coupled region |a| ≫ |Λ| the BPS spectrum can be determined by semiclassical
analysis. It consists of the W-bosons of charges ±(1, 0) and an infinite tower of Julia-Zee dyons
±(n, 1) with unit magnetic charge and arbitrary integer electric charge 4 n. The plus and minus
signs correspond to charge conjugation. As we vary the modulus u, the spectrum changes con-
tinuously except on the curves of real codimension one where one or more BPS states becomes
marginally stable. The degeneracies Ω(γ, u) can change discontinuously as we cross such a “wall of
marginal stability”. Following [9], to describe this phenomenon, we associate to each BPS state of
charge vector γ a ray lγ in a complex ζ-plane
5:
lγ :=
{
ζ :
Zγ(u)
ζ
∈ R−
}
. (5)
These rays rotate in the ζ-plane as we move in B. At a point on the wall of marginal stability,
a set of BPS rays {Zγ(u)} become aligned, and their charges can be parametrized as {N1γ1 +
N2γ2}, N1, N2 > 0, for some primitive vectors γ1,2 with Zγ1/Zγ2 ∈ R+ [9].
The N = 2 theory with gauge group SU(2) offers a concrete example of the wall-crossing phe-
nomenon [1]. The Coulomb branch B corresponds to the complex plane with two singular points
at u = ±Λ2. The weak-coupling region where |u| ≫ |Λ|2 is disconnected from the region near
the origin by a closed curve of marginal stability which passes through the singular points. As
we enter the strongly coupled region near the origin in B, most of the BPS states present in the
semiclassical spectrum decay, and we are left with only two BPS states: They are the magnetic
monopoles ±(0, 1) and the dyons of unit electric charges denoted either as ±(1,−1) or ±(1, 1),
depending on whether we approach the curve of marginal stability from upper or lower half plane
in B. Physically, taking the results in [18] as an example, as we approach curve of marginal stability
from the upper half plane, the W-bosons ±(1, 0) decays into a (anti-) monopole ±(0, 1) and a dyon
of charge ±(1,−1); while a dyon ±(n, 1) decays into n + 1 (anti-) monopoles ±(0, 1) and n dyons
of charge ±(1,−1). Similar analysis can be done for the lower half plane.
4In this paper we shall follow the same normalization convention for electric charges as in [1], which differs the
convention used in [9] by a factor of 2.
5The auxiliary complex variable ζ is known as the spectral parameter. After adding the point at infinity, ζ
parametrises CP1.
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Although the SU(2) theory is well understood, theories with additional matter and or larger
gauge groups have a very complicated set of walls of marginal stability. Until recently, a systematic
determination of the BPS spectrum for generic N = 2 SUSY gauge theories and all regions of the
moduli space remained elusive. In recent work Kontsevich and Soibelman [7, 8] have proposed a
wall-crossing formula which potentially solves this problem. Here we will be mostly interested in
the consequences of their conjecture for the corresponding theory compactified to three dimensions.
In the following we briefly review the main results of [9]. Focusing on four-dimensional N = 2
Euclidean SYM with gauge group SU(2), we consider its compactification on the space of R3×S1,
where S1 : x4 ∼ x4 + 2πR has radius R. On length-scales much larger than R, the effective action
on the Coulomb branch becomes three-dimensional. In addition to the complex scalar a of the
four-dimensional theory, there are now two additional real periodic scalar fields. The first one is
the electric Wilson line, which comes from the component A4 of the U(1) gauge along S
1 denoted
as
θe =
∮
S1
A4dx
4 . (6)
Large gauge transformations shift the value of θe by integer multiples of 2π. Thus, we periodically
identify θe ∼ θe + 2π. In three dimensions, we can also dualize the U(1) Abelian gauge field Ai,
i = 1, 2, 3 in favor of another real scalar θm ∈ [0, 2π] known as the magnetic Wilson line. This
appears in the classical action in the combination nmθm where nm is the total magnetic charge.
Dirac quantisation forces nm to take integer values and, correspondingly, the theory is invariant
under shifts of θm by integer multiples of 2π.
Taking into account the scalars {a, a¯, θe, θm}, the Coulomb branch of the compactified theory is a
manifoldM with real dimension four. The low-energy effective field theory on the Coulomb branch
is then given by a d = 3 sigma model with target M. The condition for the effective theory to
admit eight unbroken supercharges is for the moduli spaceM to be hyper-Ka¨hler. A hyper-Ka¨hler
manifold is Ka¨hler with respect to a triplet of complex strcutures Jα, α = 1, 2, 3, satisfying the su(2)
algebra JαJβ = −δαβ + ǫαβγJγ and J2α = −1. For each Jα, there is a corresponding symplectic
form ωα, and it is related to the metric g on M by ωα = −gJα. More generally we can form
linear combinations cαJα, with
∑3
α=1 c
2
α = 1, and the corresponding Ka¨hler form is c
αωα. The
manifold is therefore Ka¨hler with respect to a CP1 worth of complex structures. Let the complex
variable ζ parametrise such CP1, the twistor space T of a hyper-Ka¨hler manifold is constructed so
as to incorporate all possible complex structures, topologically T ∼M×CP1 [19] 6. In particular,
choosing the complex coordinates holomorphic with respect to J3, we can now organise the general
Ka¨hler form as
ω(ζ) = − i
2ζ
ω+ + ω3 − i
2
ζω− , (7)
where we have defined ω± = ω1± iω2 and the metric g is extracted from ζ independent component
of ω(ζ). The twistor space T plays an important role in the construction of metric on M in [9].
6See also [20] for a nice review on the twistor theory for hyper-Ka¨hler manifolds.
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In the limit of large R, the low-energy effective action can be obtained by dimension reduction of
the four-dimensional low-energy theory. To describe the action we define the complex combination
z = θm− τeffθe which parametrises a torus with complex structure τeff(a). In this limit the moduli
spaceM corresponds to a fibration of this torus over the Coulomb branch B of the four-dimensional
theory. The real bosonic part of the resulting action is given in terms of scalar fields {a, a¯, θe, θm}
as
SB =
1
4
∫
d3x
(
4πR
g2eff
∂µa ∂
µa¯+
g2eff
16π3R
∂µz ∂
µz¯
)
. (8)
In addition, surface terms give rise to pure imaginary terms in the action depending on the total
electric and magnetic charge,
SIm = i
(
ne +
Θeff
2π
nm
)
θe + inmθm . (9)
The term proportional to Θeff arises from dimensional reduction of the F ∧F term in the low-energy
action of the four-dimensional theory after replacing A4 by θe/2πR. The corresponding fermionic
terms in the action take the form
SF =
2πR
g2eff
∫
d3x
(
iψ¯σ¯µ∂µψ + iλ¯σ¯
µ∂µλ
)
, (10)
where λ and ψ are the dimensional reduction along the x4 direction of the four-dimensional Weyl
fermions in the U(1) vector multiplet whose lowest component is the scalar a.
Comparing with a general three-dimensional σ-model we can also extract the leading R → ∞
behavior of the hyper-Ka¨hler metric on M,
gsf = R(Im τeff)|da|2 + 1
4π2R
(Im τeff)
−1|dz|2 . (11)
This was called the “semi-flat” metric in [9], as the two-torus spanned by {θe, θm} is flat. The
metric (11) also makes apparent that gsf is Ka¨hler with respect to the complex structure where
{a, z} are holomorphic coordinates. Going to finite radius R, this semi-flat metric gets corrected
quantum mechanically by instanton contributions which arise from the four-dimensional BPS states
whose worldlines now wrap around S1. Until recently, no analytic formulae were available for the
exact metric except in the three-dimensional limit R → 0 where it becomes the Atiyah-Hitchin
metric [17]. The approach of [9] seeks to determine the exact metric by insisting that the total
contribution of four-dimensional BPS states remains smooth despite the discontinuous changes of
the spectrum dictated by the Kontsevich-Soibelman conjecture. We now review their main results.
The metric is effectively determined once the one-parameter family of Ka¨hler forms ω(ζ) intro-
duced above is known. In particular the Ka¨hler form ω and metric g are both derived from a Ka¨hler
potential K, with ω = i ∂2K/(∂za∂zb¯)dza ∧ dzb¯ and g = 2 ∂2K/(∂za∂zb¯)dzadzb¯ = 2gab¯dzadzb¯, re-
spectively. For any complex symplectic manifold one can always find Darboux coordinates in which
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the symplectic form becomes canonical. In the present case we introduce complex coordinates Xe(ζ)
and Xm(ζ), in terms of which
ω(ζ) = − 1
4π2R
dXe
Xe ∧
dXm
Xm . (12)
More generally, we also introduce a corresponding Darboux coordinate Xγ(ζ) associated with any
vector γ in the charge lattice determined by the relation Xγ1+γ2 = Xγ1Xγ2 where Xγ = Xe for
γ = (1, 0) and Xγ = Xm for γ = (0, 1).
In the large-R limit, the semi-flat metric (11) corresponds to the choice,
X sfγ (ζ) = exp
(
πRζ−1Zγ + iθγ + πRZ¯γζ
)
. (13)
It turns out that this asymptotic behavior, along with the discontinuities of Xγ(ζ) across the wall
of marginal stability, as governed by Konsevich-Soilbelman algebra is enough to determine Xγ(ζ)
(and hence, the metric on M) at any point on the complex ζ-plane. Explicitly, the coordinate
Xγ(a, θ, ζ) derived in [9] obeys the following integral equation 7:
Xγ(ζ) = X sfγ (ζ) exp
− 1
2πi
∑
γ′∈Γ
Ω(γ′;u)〈γ, γ′〉
∫
lγ′
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ log
(
1− σ(γ′)Xγ′(ζ ′)
) , (14)
Let us define various quantities appeared above: 〈γ, γ′〉 is the symplectic product between two
charge vectors, γ = (ne, nm) and γ
′ = (n′e, n
′
m), which we can take to be
〈γ, γ′〉 = 〈(ne, nm), (n′e, n′m)〉 = −nen′m + n′enm , (15)
and σ(γ′) = (−1)2n′en′m , known as a “quadratic refinement”. The summation in (14) is over the set
of charges Γ in the theory and the BPS ray lγ′ associated with γ
′ is defined analogously to (5).
3 Semiclassical Limit of the Wall-Crossing Formula
The integral equation (14) for the Darboux coordinate Xγ(ζ) is of a standard type similar to
those arising in the context of the Thermodynamic Bethe Ansatz [11] 8. Taking the logarithm of
this equation we see that the right hand side contains a source term corresponding to the semi-flat
expression and an integral convolution. As usual we can solve the equation iteratively, order by
order in appropriate expansion parameter, when the second term is smaller than the first. In [9]
an expansion of this sort was obtained at large radius R|a| ≫ 1, for any point on the Coulomb
branch. The contributions of a BPS state with charge γ is exponentially supressed by a factor of
exp(−2πR|Zγ |) and, when R|a| ≫ 1, this factor is small for all γ. Here we are instead interested
in a weak coupling expansion of the integral equation. Thus, we will restrict our attention to the
semiclassical region of the moduli space, |a| ≫ Λ, where g2eff ≪ 1 while holding the dimensionless
7The expression inside the exponent differs from the GMN convention [9] by a factor of 2 as we divided electric
charges by 2.
8For recent interesting work relating the TBA equation and wall-crossing formula, see [12].
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quantity R|a| fixed. As we explain below, the quantity exp(−2πR|Zγ |) is then supressed for all
states with non-zero magnetic charge. In the weak coupling spectrum described above, this is the
case for all states except the massive gauge bosons W±. This means we must effectively resum the
contributions from these states. This is the main difference between the weak-coupling expansion
described below and the large-R expansion of [9].
We begin by decomposing the Darboux coordinate Xγ(ζ) as
Xγ(ζ) = [Xe(ζ)]ne [Xm(ζ)]nm , γ = (ne, nm) . (16)
The integral equation (14) for the electric and the magnetic Darboux coordinates is then given as
Xe(ζ) = X sfe (ζ) exp
− 1
2πi
∑
γ′∈Γ
ce(γ
′)Iγ′(ζ)
 , ce(γ′) = Ω(γ′;u)〈(1, 0), γ′〉 , (17)
Xm(ζ) = X sfm(ζ) exp
− 1
2πi
∑
γ′∈Γ
cm(γ
′)Iγ′(ζ)
 , cm(γ′) = Ω(γ′;u)〈(0, 1), γ′〉 , (18)
where X sfe (ζ) and X sfm(ζ) are given by (13) with Zγ replaced by Ze and Zm, respectively, and Iγ′(ζ)
is defined to be
Iγ′(ζ) =
∫
lγ′
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ log(1− σ(γ
′)Xγ′(ζ ′)) . (19)
Now, taking the weak coupling limit, to one loop order we find
logX sfe (ζ) = πRaζ−1 + iθe + πRa¯ζ , logX sfm(ζ) = πRaτeff(a)ζ−1 + iθm + πRaτeff(a)ζ. (20)
We can see that in this limit log |X sfm | ≫ log |X sfe |, this has interesting consquences for deriving an
iterative solution to Xγ(ζ). Explicitly, let us expand logXe(ζ) and logXm(ζ) for the weak coupling
spectrum of N = 2 SU(2) gauge theory using (17, 18):
logXe(ζ) = logX sfe (ζ)−
1
2πi
∑
n′e∈Z
∑
n′m=±1
ce(γ
′)I(n′e,n′m)(ζ) , (21)
logXm(ζ) = logX sfm(ζ)−
cm(W
+)
2πi
I(1,0)(ζ)−
cm(W
−)
2πi
I(−1,0)(ζ)
−
∑
n′e∈Z
∑
n′m=±1
cm(γ
′)
2πi
I(n′e,n′m)(ζ) . (22)
The central charge has the form Zγ(a) = a(ne+nmτeff(a)). The mass of a BPS particle γ = (ne, nm)
at weak-coupling limit is given by
|Zγ(a)| = |a|
√(
nm
4π
g2eff
)2
+
(
ne + nm
Θeff
2π
)2
, (23)
where geff and Θeff now denote the effective coupling constant and the effective vacuum angle. The
BPS spectrum Γ consists of the W -bosons of charges ±(1, 0) which we denoted as W± and only
contribute to the middle two terms in (22), and the remaining summations in (21) and (22) are
over the infinite tower of dyons with charges ±(n, 1), n ∈ Z.
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Let us further describe our weak coupling, iterative approach to solving logXγ . At the leading
order, we substitute the semi-flat coordinates (20) into the right hand side of (21, 22) and ignore
the components which vanish as geff → 0. As the result, the magnetic coordinate Xm receives
additional order one contribution due to the W -bosons, while the dyon contributions to (Xe,Xm)
are exponentially suppressed as ∼ exp(−c/g2eff ) along the integration contours {lγ}. We shall denote
the resultant coordinates at this order as (X (0)e ,X (0)m ). Thus we have
logX (0)e (ζ) = logX sfe (ζ) , logX (0)m (ζ) = logX sfm(ζ) + logD(ζ) , (24)
logD(ζ) = −cm(W+)
2πi
∫
l
W+
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ log
(
1− X sfe (ζ ′)
)
− cm(W−)
2πi
∫
l
W−
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ log
(
1− 1/X sfe (ζ ′)
)
, (25)
where the BPS rays for the W-bosons are defined as lW± := {ζ : ±a/ζ ∈ R−}. We can now expand
(Xe(ζ),Xm(ζ)) into
logXe(ζ) = logX (0)e (ζ) + δ logXe(ζ) , logXm(ζ) = logX (0)m (ζ) + δ logXm(ζ) . (26)
By plugging (X (0)e (ζ),X (0)m (ζ)) into (21) and (22), we can read off the subleading-order corrections
to the coordinates:
δ logXe(ζ) = − 1
2πi
∑
n′e∈Z
∑
n′m=±1
ce(γ
′)I(0)(n′e,n′m)(ζ) , (27)
δ logXm(ζ) = − 1
2πi
∑
n′e∈Z
∑
n′m=±1
cm(γ
′)I(0)(n′e,n′m)(ζ) , (28)
where we have defined the short-hand notation for the integral:
I(0)(n′e,n′m)(ζ) =
∫
lγ′
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ log
(
1−
[
X (0)e (ζ ′)
]n′e [X (0)m (ζ ′)]n′m) . (29)
We will soon see that these terms generate the exponentially suppressed dyon contributions.
To extract the corresponding correction to the metric on M, we compute the symplectic form
ω(ζ) (12), including the corrections (27) and (28) to (24). The result yields
ω(ζ) ≈ − 1
4π2R
d(logX (0)e (ζ) + δ logXe(ζ)) ∧ d(logX (0)m (ζ) + δ logXm(ζ))
= ωsf(ζ) + ωW (ζ) + ωdyon(ζ) +O(δ2) , (30)
where in the first line we have re-written Xγ(ζ) in terms of Xe(ζ) and Xm(ζ) using (14). The various
terms in (30) are then given by
ωsf(ζ) = − 1
4π2R
d logX sfe (ζ) ∧ d logX sfm(ζ) , (31)
ωW (ζ) = − 1
4π2R
d logX sfe (ζ) ∧ d logD(ζ) , (32)
ωdyon(ζ) = − 1
4π2R
(
dδ logXe(ζ) ∧ d logX (0)m (ζ) + d logX (0)e (ζ) ∧ dδ logXm(ζ)
)
. (33)
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We will evaluate the integral expressions ωW (ζ) and ωdyon(ζ) in turns. The term ωW (ζ) corresponds
to the one-loop perturbative correction to the metric due theW± boson. Its evaluation is essentially
the same as the computation done in the section 4.3 of [9] where the contribution of a single
electrically charged state was considered (see equation (4.39) there). Using these results, we obtain:
ωW (ζ) = − 1
4π2R
d logX sfe (ζ) ∧
[
2πiAW (a, a¯) + πiV W (a, a¯)(ζ−1da− ζda¯)] , (34)
AW (a, a¯) =
R
π
∑
k 6=0
|a|eikθeK1(2πR|ka|)
(
da
a
− da¯
a¯
)
, (35)
V W (a, a¯) = −2R
π
∑
k 6=0
einθeK0(2πR|ka|) , (36)
where Kν(x) are modified Bessel functions of the second kind. In the computation, we have also
used the facts Ω(W±) = −2 as W-bosons belong to vector multiplet and 〈(0, 1), (±1, 0)〉 = ±1 to
set cm(W±) = ∓2. In [9], the authors further considered the large radius limit R ≫ 1/|Λ| and
further allowed 2πR|a| ≫ 1, this sets Kν(2πR|ka|) ∼ e−2πR|ka|, and the series in (35) and (36) can
be naturally interpreted as summing up exponentially suppressed, instanton-like, contributions.
As mentioned above, we are taking weak coupling limit |a/Λ| ≫ 1 while keeping 2πR|a| fixed and
arbitrary. To go to small values of R|a|, one instead needs to Poisson resum the series of Bessel
functions [21]. The resulting geometry corresponds to a finite shift of the coupling constant [22]:
2πR
g2eff
→ 2πR
g2eff
−
∑
n∈Z
1
2π|M(n)| , |M(n)| =
√
|a|2 +
(
θe
2πR
+
n
R
)2
, (37)
which determines the harmonic function V in the Gibbons-Hawking ansatz for the hyper-Ka¨hler
metric (see eq. (4.2) of [9]). In the limit R→ 0, this reduces to the shift 1/e2eff → 1/e2eff−1/(2πMW )
where 1/e2eff = 2πR/g
2
eff and M(0) are the gauge coupling and the mass of W -boson in three
dimensions [17, 15].
Now for the more complicated ωdyon(ζ), our strategy here is to evaluate the integrals involved
by saddle point approximation, as they are dominated by the exponential terms at weak coupling.
Explicitly we have the following series for ωdyon(ζ) in (33):
ωdyon(ζ) =
∑
γ′=(n′e,±1)
ωγ′(ζ) , (38)
ωγ′(ζ) = − 1
4π2R
dX (0)γ′ (ζ)
X (0)γ′ (ζ)
∧
 1
2πi
∫
lγ′
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ
X (0)γ′ (ζ ′)
1− X (0)γ′ (ζ ′)
dX (0)γ′ (ζ ′)
X (0)γ′ (ζ ′)

≈ − 1
4π2R
dX sfγ′ (ζ)
X sfγ′ (ζ)
∧
 1
2πi
∫
lγ′
dζ ′
ζ ′
ζ ′ + ζ
ζ ′ − ζ
X (0)γ′ (ζ ′)
1− X (0)γ′ (ζ ′)
dX sfγ′ (ζ ′)
X sfγ′ (ζ ′)
 , (39)
where we have used the fact that Ω(γ′, a) = 1 for all the dyon states. Along each integration contour
lγ′ : Zγ′/ζ
′ ∈ R−, the zeroth order Darboux coordinate X (0)γ′ (ζ ′) = X sfγ′ (ζ ′)D(ζ ′) is proportional to
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exponential factor exp
[−πR|Zγ′ |(|ζ ′|+ 1/|ζ ′|)], which ensures the convergence of the integral. At
the weak coupling |τeff | ≫ 1 and |Zγ′ | ≫ 1, we can therefore Taylor-expand X (0)γ′ (ζ ′)/(1−X (0)γ′ (ζ ′))
in the integrand above into
X (0)γ′ (ζ ′)
1− X (0)γ′ (ζ ′)
=
∞∑
k=1
[
X (0)γ′ (ζ ′)
]k
, ζ ′ ∈ lγ′ , (40)
and perform saddle point analysis for each term in the expansion. Here we have also further
approximated dX (0)(ζ)/X (0)(ζ) by dX sfγ (ζ)/X sfγ (ζ), as the contribution proportional to dD(ζ)/D(ζ)
is of higher order in g2eff in our saddle point analysis. The saddle point analysis amounts to
extremizing exp[−kπR|Zγ′ |(|ζ ′| + 1/|ζ ′|)] with respect to |ζ ′| in each term of (40), we can then
deduce that the saddle point sits at ζ ′ = −Zγ′/|Zγ′ |. Upon substitution and performing the
Gaussian fluctuation integral, the leading expression for ω(γ′,k)(ζ) is given by
ωdyon(ζ) =
∑
γ′=(n′e,±1)
∞∑
k=1
ω(γ′,k)(ζ) , (41)
ω(γ′,k)(ζ) = J(γ′,k)
dX sfγ′ (ζ)
X sfγ′ (ζ)
∧
[
|Zγ′ |
(
dZγ′
Zγ′
− dZ¯γ′
Z¯γ′
)
−
(
dZγ′
ζ
− ζdZ¯γ′
)]
, (42)
J(γ′,k) = −
1
8π2i
[D(−eiφγ′ )n′m ]k√
kR|Zγ′ |
exp
[
k(−2πR|Zγ′ |+ iθγ′)
]
, (43)
logD(−eiφγ′ )n′m ≈ ± logD(∓i) = 1
πi
∫ ∞
0
dy
y
[
y + i
y − i log
(
1− e−πR|a|(y+1/y)+iθe
)
−y − i
y + i
log
(
1− e−πR|a|(y+1/y)−iθe
)]
.
(44)
Here eiφγ′ = n
′
e+τeffn
′
m
|n′e+τeffn
′
m|
, and in the weak coupling limit we have further approximated eiφγ′ ≈ in′m,
this is consistent with the saddle point approximation and ensures the resultant one loop determiant
D being real. By substituting y = et and using n′m = ±1, the equation (44) can be re-expressed as
± logD(∓i) = 2
π
∫ ∞
0
dt
cosh t
[
log
(
1− e−2πR|a| cosh t+iθe
)
+ log
(
1− e−2πR|a| cosh t−iθe
)]
. (45)
In the next section we will show that this expression precisely corresponds the ratio of one-loop
determinants corresponding to small fluctuations around a classical dyon contribution.
Now we can extract the correction to the symplectic form on the moduli space M from the ζ-
independent part of ωdyon(ζ). As g2eff → 0, keeping only the leading terms with k = 1 and focusing
on only instanton (i.e. n′m = +1) contributions, we obtain
ωinst.3 =
∑
γ′=(n′e,1)
J(γ′,1)
(
(2πR)dZγ′ ∧ dZ¯γ′ + i|Zγ′ |dθγ′ ∧
(
dZγ′
Zγ′
− dZ¯γ′
Z¯γ′
))
=
∑
γ′=(n′e,1)
J(γ′,1)
(
2πR|n′e + τeff(a)|2da ∧ da¯+ i|n′e + τeff(a)|dθγ′ ∧ |a|
(
da
a
− da¯
a¯
))
,
(46)
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where ωdyon3 = ω
inst.
3 + ω¯
inst.
3 (ω¯
inst.
3 corresponds to n
′
m = −1 contributions). Here in the second line
of (46) we have used the weakly coupled expression for the central charge Zγ′ = a(n
′
e + τeff(a)).
Explicitly, let us write out the gaa¯ component from (46), which gives the dominant contribution in
weak-coupling expansion:
ginst.aa¯ =
√
R
4π
∑
γ′=(n′e,1)
D(−i)|Zγ′ |3/2
|a|2 exp
(−2πR|Zγ′ |+ iθγ′) . (47)
Other metric components ginst.az¯ , g
inst.
a¯z which are suppressed by g
2
eff can also be readily extracted
from (46). By including these additional metric components and using the complex coordinates
(z, z¯) introduced earlier we can calculate a Ka¨hler potential, Kdyon corresponding to the Ka¨hler
form ωdyon3 ,
θm =
1
2
[
(z + z¯) +
iRe τeff
Im τeff
(z − z¯)
]
, θe =
i
2 Im τeff
(z − z¯) , (48)
we recover the Ka¨hler potential for the Ka¨hler form (46):
Kdyon =
∑
γ′=(n′e,±1)
D(−i)
4π3R3/2
√|Zγ′ | exp(−2πR|Zγ′ |+ iθγ′) . (49)
Finally we further expand the metric (47) at weak coupling as
ginst.aa¯ ≈
√
R
4π
(
4π
g2eff
)3/2 ∑
γ′=(n′e,1)
D(−i)
|a|1/2 exp
(
−SMon − S(n′e)ϕ
)
, (50)
SMon. =
8π2R
g2eff
|a| − iθm , (51)
S(n
′
e)
ϕ =
g2effR|a|
4
(
n′e +
Θeff
2π
)2
− in′eθe . (52)
The exponent is the Euclidean action of a magnetic monopole thought of as a static field configu-
ration on R3×S1. The remaining term S(n′e)ϕ is the leading contribution from the electric charge of
the dyon. In four dimensional theory, the corresponding contribution to the dyon mass to comes
from the slow motion of the monopole in the S1 factor of its moduli space [23]. The further shift
of the electric charge n′e → n′e +Θeff/2π corresponds to the familiar Witten effect [24].
One additional subtlety described in Section 4.1 of [9] concerns the appropriate choice of coordi-
nates on the torus fibre of the moduli space. When working near a singularity in the moduli space
where a ratio of BPS particle masses vanishes it is appropriate to change variables to a coordinate
which is single-valued in a neighbourhood of the singular point. In the present case we are inter-
ested in the semiclassical region of the moduli space near infinity and the singularity corresponds
to the logarithm in the one-loop effective coupling (4). Adapting eq. (4.13) of [9] to this case, the
corresponding change of variable is
θm → θ′m = θm +
Θeff
2π
θe
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Implementing this replacement, equation (52) becomes
S(n
′
e)
ϕ =
g2effR|a|
4
(
n′e +
Θeff
2π
)2
− i
(
n′e +
Θeff
2π
)
θe . (53)
and we see that the imaginary part of the action SMon.+S
(n′e)
ϕ agrees with eqn. (9) obtained directly
from dimensional reduction of the four-dimensional metric.
The hyper-Ka¨hler metric onM completely determines the terms in the low-energy effective action
for the massless fields with at most two derivatives or four fermions. These terms correspond to a
three-dimensional supersymmetric sigma model with target space M;
S
(3D)
eff =
1
4
∫
d3x
(
gij(X)
[
∂µX
i∂µX¯j + iΩ¯i /DΩj
]
+
1
6
Rijkl(Ω¯
i · Ωk)(Ω¯j · Ωl)
)
. (54)
Here {Xi} are four bosonic scalar fields and {Ωαi } are their Majorana fermionic superpartners.
As usual, the bosonic scalar fields {Xi} define the coordinates on the quantum moduli space
M. In the semiclassical limit, the metric goes to its semiflat value and, choosing complex coor-
dinates {a, a¯, z, z¯}, the bosonic action must coincide with (8). If we choose appropriately rescaled
coordinates defined by
a =
geff
2
√
πR
X1 , z =
4π
√
πR
geff
X2 , (55)
then the semi-flat metric gsf (11) simply reduces to the flat metric δij¯ , i, j = 1, 2 in this limit.
By comparing the fermionic terms in the action with (10), we can rewrite the action in terms
of the Weyl spinors {λα, λ¯α˙, ψα, ψ¯α˙} of four-dimensional U(1) vector multiplet. Following [15], we
rewrite the latter in terms three-dimensional Majorana fermions {χa¯, χ¯a} via
λα = χ
1¯
α , ǫαβ˙λ¯
β˙ = χ¯1α , ψα = χ
2¯
α , ǫαβ˙ψ¯
β˙ = χ¯2α . (56)
The Majorana fermions {Ωi} appearing in (54) can be then be expressed as
Ωiα =M
ic(X)χ¯cα , Ω
i¯
α =M
i¯c¯(X)χc¯α , c = 1, 2 , (57)
where M ic(X) and M i¯c¯(X) are undetermined matrices which can depend non-trivially on the
bosonic scalars Xi. Matching with the fermion kinetic terms in (10) imposes the normalisation
condition,
δij¯M
ia(X)M j¯ b¯(X) =
(
8πR
g2eff
)
δab¯ . (58)
In a vacuum where θe = 0, the relation between the fermion bilinears appearing in (54) and the
four dimensional fermions can be made explicit as,
Ω¯1 · Ω1 =
(
8πR
g2eff
)
λ · λ¯ , Ω¯2 · Ω2 =
(
8πR
g2eff
)
ψ · ψ¯ . (59)
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The four-fermion term in the action (54) involves the Riemann tensor of the hyper-Ka¨hler metric
onM. The leading semilcassical computation is computed using our result (50) for the metric. As
the metric is Ka¨hler in the complex coordinates {a, a¯, z, z¯}, we conclude that at the leading order
in g expansion, the only non-vanishing components, up to the symmetries of the Riemann tensor,
are
Raz¯za¯ = Raa¯zz¯ = gap¯∂z(g
p¯q∂z¯ga¯q) , p, q = {a , z} , (60)
and we can reduce the expressions above to
Raz¯za¯ = Raa¯zz¯ = −1
4
ginst.aa¯ . (61)
In terms of {Xi,X j¯} defined in (55), we can relate the Riemann tensor (60) extracted from the
integral formula in [9] with the one in new coordinates via
R12¯1¯2 =
∣∣∣∣ dadX1 dzdX2
∣∣∣∣2Raz¯a¯z = (2π)2Raz¯a¯z . (62)
The Riemann tensor captures the quantum corrections to the metric, both perturbatively and non-
perturbatively. Now we can use the above conversion between Ω1,2 and λ, ψ (59) to extract the
prediction for the four fermion in the low-energy effective Lagrangian from (50). After taking into
account the symmetries of the Riemann tensor, and restricting again to the leading k = n′m = 1
sector, we obtain 9,
S4F =
29/2π
R|a|1/2
(
2πR
g2eff(a)
)7/2
D(−i) exp [−SMon]
∑
n′e∈Z
exp
[
−S(n′e)ϕ
] ∫
d3x(ψ · ψ¯)(λ · λ¯) . (63)
We shall next verify this term in the effective action via a direct semiclassical calculation.
4 Semiclassical Instanton Calculation
In this Section we will compute the monopole and dyon contributions to the action from first
principles. We focus on the leading contribution of magnetic charge nm = k = 1 and arbitrary
electric charges ne ∈ Z to an appropriate four fermion correlator to be defined momentarily. A
similar calculation in the three-dimensional limit was performed in [15] and for the corresponding
theory with 16 supercharges on R3× S1 in [13, 14]. We will refer the reader to these references for
some of the details.
We begin by considering a static BPS monopole of the N = 2 theory in four-dimensional
Minkowski spacetime. The bosonic moduli of this soliton consist of three coordinates X1,2,3 spec-
ifying the position of its centre in R3 and a global U(1) charge angle parametrized by ϕ ∈ [0, 2π].
The moduli space is thus R3 × S1ϕ. As the configuration is one-half BPS, there are four fermionic
9Strictly speaking the four-fermion vertex is only correct as written in a vacuum where θe = 0. For θe 6= 0,
the matrices appearing in (57) effect a rotation which changes the chirality of the vertex but preserves the overall
normalisation which is subject to (58). We will supress this subtlety in the following.
14
zero modes in the monopole background, as generated by half of the eight supercharges. It is
convenient to work in a formalism where monopoles are preserved by supercharges of the same
four-dimensional chirality, to do so we embed the monopole as self-dual field configuration in an
auxiliary four-dimensional N = 2 gauge theory where the scalar field in the BPS equation arises
corresponds to a component of the four-dimensional gauge field. In general, this is not the same
as the four-dimensional theory we compactified on R3 × S1 in the previous section where the cor-
responding field remains a scalar. However, as we discuss below, the fermions of the two theories
are related to each other by an R-symmetry rotation (see [13]).
The left and right handed Weyl fermions of the auxiliary theory are denoted ρAδ and ρ¯
A
δ˙
re-
spectively where A = 1, 2 and δ, δ˙ = 1, 2. In terms of these fermions the four zero modes of the
instanton are all left-handed yielding a non-zero contribtion to the correlator,
G4(y1,y2,y3,y4) = 〈
2∏
A=1
ρ A1 (y2A−1)ρ
A
2 (y2A)〉 . (64)
corresponding to a vertex of the form (ρ¯1 · ρ¯1) (ρ¯2 · ρ¯2) in the low-energy effective action. The
fermions of the auxiliary theory are related to the original four-dimensional Weyl fermions by
an SO(3) R-symmetry rotation which mixes left and right-handed chiralities but preserves the
normalisation of the four-fermion vertex in the effective Lagrangian. In a vacuum where θe = 0 the
zero modes of a monopole are chirally symmetric in the original four-dimensional theory, and the
explict relation takes the form 10,
(ρ¯1 · ρ¯1)(ρ¯2 · ρ¯2) = (ψ · ψ¯)(λ · λ¯) . (65)
In the weak-coupling approximation we can replace the fermions in the correlation function (64)
with their zero mode values multiplied by corresponding Grassmann collective coordinates ξAδ . The
explicit form of the zero modes is given in Appendix C of [15]. As we are interested in comparing
with the low-energy effective action we focus on the large-distance limit of the correlation function
and of the fermion zero modes. We can then express the large distance limit of ρAα in terms of ξ
A
δ
and the three dimensional Dirac fermion propagator SF (x) = γ
µxµ/(4π|x|2) as
ρ(LD) Aα (y) = 8π(SF (y −X))βαξAβ . (66)
In the four-dimensional theory, the semiclassical dynamics of monopoles is described by supersym-
metric quantum mechanics on the moduli space [29]. For a single monopole of mass M = 4π|a|/g2,
this corresponds to the dynamics of a free non-relativistic particle moving on R3×S1ϕ. These bosonic
degrees of freedom have four free fermionic superpartners. The collective coordinate Lagrangian
takes the form
LQM = LX + Lϕ + Lξ , (67)
10As in the previous section, when θe 6= 0, the rotation leads to chirally asymmetric vertex when written in terms
of λ and ψ.
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where we have LX =
M
2 | ~˙X|2, Lϕ = 12 M|a|2 (ϕ˙)2 and Lξ = M2 ξ˙Aα ˙ξαA, where the dot denotes a time
derivative. The combination M
|a|2
is the moment of inertia of a monopole with respect to global
gauge rotation, Lϕ describes a free particle of mass
M
|a|2 moving along S
1
ϕ with ϕ ∈ [0, 2π].
The quantity of interest here is the large distance behavior of the four fermion correlation function
as defined above. To pass to the theory on R3 × S1, we Wick rotate the collective coordinate
quantum mechanics described above to a periodic Euclidean time identified with the x4 coordinate
introduced earlier. There are periodic boundary conditions for both bosons and fermions to preserve
supersymmetry. At leading semiclassical order the fermionic fields in the correlator are replaced
by their values in the monopole background. The resulting large distance correlation function then
takes the following form:
G4(y1,y2,y3,y4) =
∫
[dµ]
2∏
A=1
ρ
(LD) A
1 (y2A−1)ρ
(LD) A
2 (y2A) , (68)∫
[dµ] =
1
4π2
∫
[d3X(x4)][dϕ(x4)][d4ξ(x4)]R exp
[
−
∫ 2πR
0
dx4LQM
]
exp
[
−8π
2R|a|
g2
+ iθm
]
,
(69)
where superscript “LD” on the fermionic zero modes indicates their large distance behaviors as
given in (66). The prefactor of 1/4π2 arises from the Jacobian for the change of variables from
bosonic fields to the four bosonic collective coordinates and can be traced to the same factor in the
standard formula [25] given as eq. (114) in [15]. The integration measure [dµ] consists of bosonic
[d3X][dϕ] and fermionic [d4ξ] zero mode measures, and the one-loop determinant R encoding the
non-zero mode flucutations, all weighted by the monopole effective action exp[
∫ 2πR
0 dx
4LQM−SMon.]
given in (67). We shall now evaluate various contributions in turns following [14] and [28].
For the bosonic
∫
[d3X(x4)] exp[
∫ 2πR
0 dx
4LX ] and the fermionic
∫
[d4ξ(x4)] exp[
∫ 2πR
0 dx
4Lξ] zero
mode measures, first we note that ~X(x4) and ξAα (x
4) now need to satisfy periodic boundary condi-
tion ~X(x4) = ~X(x4 + 2πR) and ξAα (x
4) = ξAα (x
4 + 2πR). This implies that for the free Lagragians
LX and Lξ, the path integrals are dominated by the constant classical paths which, with slight
abuse of notations, we again denote as ~X and ξAα . We can then expand around the classical paths:
~X(x4) = ~X + δ ~X(x4) , ξAα (x
4) = ξAα + δξ
A
α (x
4) , (70)
and decompose the path integrals into∫
[d3X(x4)] exp
[
−
∫ 2πR
0
dx4LX
]
=
∫
d3X
∫
[d3δ ~X(x4)] exp
[
−
∫ 2πR
0
dx4
M
2
(δ ~˙X(x4))2
]
, (71)∫
[d4ξ(x4)] exp
[
−
∫ 2πR
0
dx4Lξ
]
=
∫
d4ξ
∫
[d4δξ(x4)] exp
[
−
∫ 2πR
0
dx4
M
2
δξ˙Aα (x
4)δ ˙ξαA(x
4)
]
.
(72)
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The Gaussian integrals in (71) and (72) over δX(x4) and δξ(x4) can be readily evaluated using
standard textbook results, and we obtain:∫
[d3X(x4)] exp
[
−
∫ 2πR
0
dx4LX
]
=
∫
d3X
[√
M
2π(2πR)
]3
,
∫
[d4ξ(x4)] exp
[
−
∫ 2πR
0
dx4Lξ
]
=
∫
d4ξ
[√
M
2π(2πR)
]−4
. (73)
Next consider the path integral for ϕ, which encodes the motion of the monopole along S1ϕ. The
conjugate momentum Pϕ =
M
|a|2 ϕ˙ to ϕ, is identified with the electric charge and is naturally
quantised in integer units. The corresponding Hamiltonian is Hϕ =
1
2
|a|2
M P
2
ϕ. The resulting states
in four dimensions carry one unit of magnetic charge and Pe = ne units of electric charge and
are naturally identified as the corresponding BPS dyons. We can then equate the path integral
for
∫
[dϕ(x4)] exp
[
− ∫ 2πR0 dx4Lϕ] with the quantum mechanical partition function Tr[e−(2πR)Hϕ ],
where the trace sums over the eigenstates ∼ eineϕ, ne ∈ Z of Hϕ and can be readily evaluated to
give: ∫
[dϕ(x4)] exp
[
−
∫ 2πR
0
dx4Lϕ
]
=
∑
ne∈Z
exp
[
−1
2
|a|2
M
n2e
]
. (74)
A further phase in the classical action arises from the surface terms coupling to electric and magnetic
charge. Including a bare vacuum angle Θ and allowing for the Witten effect which shifts ne →
ne +
Θ
2π , the summation in (74) is replaced by∑
ne∈Z
exp
[
−1
2
|a|2
M
(
ne +
Θ
2π
)2
+ i
(
ne +
Θ
2π
)
θe
]
, M =
4π
g2
|a| . (75)
We note that this matches the corresponding sum appearing in the GMN prediction (50) up to a
replacement of the bare coupling and vacuum angle by their one-loop renormalised counterparts.
To complete the semiclassical integration measure, in additon to the zero modes discussed so far,
it is necessary to include the non-zero mode fluctuations which lead to a non-cancelling ratio R of
functional determinants. Again, we start by reviewing the situation in the four-dimensional theory
where similar fluctuations are taken into account in the calculation by Kaul [28] of the one-loop
corrections to the monopole mass. In this case, the spatial flucutations of the scalars, spinors and
ghosts around the static monopole background are all described in terms of two operators ∆± given
explicitly as
∆+ = −D2j + |a|2 , (76)
∆− = −D2j + |a|2 + 2ǫijkσiFMon.jk , i, j = 1, 2, 3 . (77)
Here the three dimensional covariant derivative Dj = ∂j + iA
Mon.
j is with respect to background
static monopole and, as above, a is the VEV of the complex scalar in the massless U(1) vector
multiplet. The one-loop correction to the monopole mass in four dimensions then involves the
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logarithm of the ratio [det(∆+)/det
′(∆−)]
1/2, where the prime indicates that we have removed the
zero mode contribution. As above, we are interested in the corresponding fluctuations around the
monopole, thought of as a static configuration of finite Euclidean action on R3×S1. In the absence
of Wilson line (i.e. for θe = 0), the corresponding fluctuation operators for our calculation are
D± = ∆± +
(
∂
∂x4
)2
, (78)
where the extra derivatives wrt to x4 take account of the Fourier modes of each fluctuation field
on S1. We then identify the corresponding one-loop contribution to the path integral measure as
R =
[
det(D+)
det′(D−)
]1/2
. (79)
By translation invariance on S1, we can decompose any eigenfunction of D± as Φ±(~x, x
4) =
φ±(~x)f±(x
4), where φ±(~x) satisfy
∆±ψ±(~x) = λ
2
±φ±(~x) , (80)
while f±(x
4) along the compactified circle take the plane-wave form f±(x
4) ∼ ei̟±x4 . In a su-
persymmetric theory, there are equal total number of non-zero eigenvalues for both bosonic and
fermionic fields, this naively implies that their contributions cancel completely and R = 1. How-
ever the spectra of D± contain both normalizable bound states and continous scattering states,
as inherited from ∆±, the precise cancellation requires identical densities of bosonic and fermionic
eigenvalues. As discovered by [28] this is not the case in the monopole background. The same effect
leads to the non-cancelling one-loop determinant in the three-dimensional instanton calculation of
[15] and we find a similar effect in the present case of R3 × S1.
Using the operator identity log det(M) = Tr log(M), we can rewrite R as the following integral
expression:
R = (2πR)−2 exp
[
1
2
Tr~x log[det x4D+]−
1
2
Tr~x log[det x4D−]
]
= (2πR)−2 exp
[
1
2
∫ ∞
|a|
dλδρ(λ) log [K(λ, 2πR)]
]
, (81)
K(λ, 2πR) = det x4
[(
∂
∂x4
)2
+ λ2
]
, (82)
where the overall normalisation constant (2πR)−2 was introduced so that R goes over to the
corresponding three-dimensional quantity calculated in [15] 11,
R(3D) =
[
det(∆+)
det′(∆−)
]1/2
= 4M2W (83)
11To properly take the three-dimensional limit, we need to first Poisson re-sum the explicit logarithmic expressions
arising in (81), cf. (87), and (95) in the next section, before setting R→ 0.
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in the limit R → 0, g2 → 0 with the three-dimensional gauge coupling e2 = g22πR held fixed. The
quantity δρ(λ) = ρ+(λ) − ρ−(λ) is the difference between densities of eigenvalues of the operators
∆+ and ∆−. This quantity was determined using the Callias index theorem in [28]. In our notation
the result of [28] is,
dλδρ(λ) = − 2|a|dλ
2
πλ2
√
λ2 − |a|2 . (84)
The remaining kernal K(λ, 2πR) is precisely the partition function of harmonic oscillator with
frequency ̟ = λ at inverse temperature β = 2πR.
K(λ, 2πR)−1 = exp[−πRλ]
1− exp[−2πRλ] . (85)
Introducing a non-vanishing Wilson line θe corresponds to turning on the fourth component of the
gauge field. This can be incorporated in the operators D± given in (78) by the minimal coupling
prescription,
∂
∂x4
→ ∂
∂x4
+ ne
θe
2πR
which introduces a chemical potential which shifts the oscillator frequencies to the complex values
̟ = λ + ine
θe
2πR . The fluctuation modes of each adjoint field include modes with ne = ±1 filling
out the supermultiplet of the W± bosons. Summing over both contributions we find K = K+K−
where
K±(λ, θe, 2πR)−1 = exp[−πRλ± iθe/2]
1− exp[−2πRλ± iθe] . (86)
Substituting (86) and (84) into (81), and explicit change of variable λ = 2|a| cosh t, the one-loop
determinant R is given by:
logR = −4R|a| cosh−1 ΛUV|a| − 2 log(2πR)
+
2
π
∫ ∞
0
dt
cosh t
log
(
1− e−2πR|a| cosh t+iθe
)
+
2
π
∫ ∞
0
dt
cosh t
log
(
1− e−2πR|a| cosh t−iθe
)
.
(87)
where we have evaluated the integral over the eigenvalues with a UV cut-off ΛUV. The UV diver-
gence in the first term is precisely that encountered in the four-dimensional calculation of [28]. The
divergence is cancelled by the counter-term which is responsible for coupling constant renormali-
sation in the vacuum sector and the net effect is to replace the classical coupling g2 appearing in
the monopole mass by the one-loop effective coupling, g2eff (a). Similarly the chiral anomaly results
in the replacement of the classical vacuum angle Θ by it effective counterpart Θeff(a) as defined
above. The remaining finite terms yield a complicated function of the dimensionless parameter
|a|R. However, we recognise the integral in the second line as precisely the same appearing in the
definition (45) of the quantity logD(−i) in the semiclassical expansion of the GMN result.
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Collecting all the pieces and summing over electric charges n′e, we can extract the four-fermion
vertex in the low-energy effective action from examining the large distance behavior of the four
fermion correlation function G4(y1,y2,y3,y4). Substituting (66), (73) and (87) into (68) and (69),
the four-fermion correlation function is given by
G4(y1,y2,y3,y4) = 2
13/2π
R|a|1/2D(−i)
(
2πR
g2eff
)−1/2
exp [−SMon.]
∑
n′e∈Z
exp
[
−S(n′e)ϕ
]
×
∫
d3Xǫα
′β′ǫγ
′δ′SF (y1 −X)αα′SF (y2 −X)ββ′SF (y3 −X)γγ′SF (y4 −X)δδ′ .
(88)
Here we have taken into account the one-loop renormalisation effect discussed earlier in the previous
paragraph, so that the monopole and dyon actions SMon. and S
(n′e)
ϕ are given in terms of the effective
parameters, as:
SMon. =
8π2R
g2eff
|a| − iθm , (89)
S(n
′
e)
ϕ =
g2effR|a|
4
(
n′e +
Θeff
2π
)2
− i
(
n′e +
Θeff
2π
)
θe . (90)
In (88), we have also used the relation between D(−i) and R. Finally, for consistency, the same
renormalisation of the classical coupling g2, which leads to its replacement by the corresponding
effective coupling g2eff (a) in the exponent, must also be implemented wherever the coupling ap-
pears 12. In terms of the low-energy effective action, the resulting correlator corresponds to the
appearance of a four-fermion interaction term of the form (65)
S4F =
29/2π
R|a|1/2
(
2πR
g2eff(a)
)7/2
D(−i) exp [−SMon]
∑
n′e∈Z
exp
[
−S(n′e)ϕ
] ∫
d3x(ψ · ψ¯)(λ · λ¯) , (91)
we see that this exactly matches the prediction coming from the integral equations of [9] given in
(63)!
5 Interpolating to Three Dimensions
Having matched the predicted action (63) and the semiclassical result (91) for the dyon con-
tributions, in this section we explain the relation to the semiclassical instanton result for the
three-dimensional theory found in [15] which confirms that in the limit R → 0, the hyper-Ka¨hler
metric on the Coulomb branch is given by Atiyah-Hitchin manifold [30]. To achieve this, we take
the metric (47) which sums over all the electric charges of the dyons {n′e} and Poisson resum it
using the standard formula:
+∞∑
k=−∞
f(k) =
+∞∑
n=−∞
f̂(n) , f̂(n) =
∫ +∞
−∞
f(k) e−2πinkdk . (92)
12Concretely, this renormalisation corresponds to a divergent contribution to the instanton measure arising from
loop diagrams of perturbation theory in the monopole background.
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This procedure exchanges the momentum modes along the compact direction which are identified
with the electric charges of dyons with a corresponding set of winding modes [13]. This resummation
is necessary because the sum over electric charges appearing in (50)and (91) diverges in the R|a| → 0
limit. We can in fact directly perform the Poisson resummation on the expression (47) for the
metric component gaa¯. The relevant Fourier transform can be evaluated using eq. (6.726-4) in
[26]13, allowing us to rewrite the expression as,
g˜inst.aa¯ =
4π
g4eff
∑
n∈Z
|a|2D(−i)
|M(n)|3 exp
(
−8π
2R
g2eff
|M(n)|+ iΨ(n)
)
, (93)
where we have used the short-hand notation:
|M(n)| =
√
|a|2 +
(
θe
2πR
+
n
R
)2
, Ψ(n) = θm − nΘeff . (94)
One can also Taylor expand and Poisson re-sum the prefactor (45) to demonstrate that D(−i)
satisfies the equation:
d logD(−i)
d(2πR|a|) = 2
(∑
n∈Z
1
(2πR)|M(n)| −
1
π
Arcsinh
ΛUV
|a|
)
. (95)
The quantity M(n) appearing in the exponent of (93) corresponds to the Euclidean action of
a “twisted monopole” [16, 27, 13, 14]. These are BPS field configuration in the compactified
gauge theory on R3 × S1 which are obtained by applying a large gauge transformation of the form
A4(x) → A(x)4 + ∂χ(x) with χ(x4 + 2πR) = χ(x4) + 2nπ. As θe =
∫
dx4A4, the Wilson line
undergoes a periodic shift θe → θe + 2nπ under this transformation. These transformations are
topologically non-trivial and are classified by an element of π1(S
1) = Z. This leads to an infinite
tower of field configurations for each value of of the magnetic charge labelled by the winding number
n. Summing over these configurations ensures that the metric retains the correct periodicity in θe.
To compare our prediction with the three-dimensional result, we take the limit R → 0 while
keeping the three-dimensional gauge coupling 14 fixed: 1/e2eff = 2πR/g
2
eff . Note that |M(n)| → ∞
for n 6= 0, and thus only the n = 0 terms in (93) and (95) survive in this limit. In the strict
three-dimensional limit, {Re(a), Im(a), θe/2πR} transform as a 3 under global SU(2)N symmetry,
hence we can rotate into θe = 0 vacuum, and (95) integrates into D(−i) = (4πR|a|)2. Using this
symmetry, (61), and the normalization factors given in (58)-(59), we can then deduce that the
following four-fermions vertex is generated in the low-energy effective action:
S4F =
27π3MW
e8eff
exp
(
− 4π
e2eff
MW + iθm
)∫
d3x (ψ · ψ¯)(λ · λ¯) , (96)
13The required result is obtained by approximating the Bessel function in the integrand of eq. (6.726-4) by its
asymptotic form for large arguments.
14 Note that in [15], the three and four-dimensional couplings are related via 1/e2 = R/g2, which differs from our
convention by a factor of 2pi.
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where MW =
√|a|2 + (θe/(2πR))2. Comparing with eqs. (29, 34) in [15], we obtained a perfect
match with the four-fermion vertex generated from the three-dimensional one instanton semiclas-
sical computation, which was also in agreement with the prediction coming from the exact Atiyah-
Hitchin metric given in eq. (54) of [15].
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